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A review of some fundamental mathematical
and statistical concepts

Introduction

This appendix presents a very brief summary of several important mathematical
and statistical concepts. These concepts are, in the opinion of this author, funda-
mental to a solid understanding of the material of this book. They are presented
in an appendix since it is anticipated that the majority of readers will already
have some exposure to the techniques, but may require some brief revision. The
topics that will be covered are: characteristics of probability distributions and
sampling, differential calculus, properties of logarithms and matrix algebra.

Characteristics of probability distributions

A random variable is one that can take on any value from a given set. The most com-
monly used distribution to characterise a random variable is a normal or Gaussian
(these terms are equivalent) distribution. The normal distribution is particularly
useful since it is symmetric, and the only pieces of information required to com-
pletely specify the distribution are its mean and variance.

The probability density function for a normal random variable with mean p
and variance o2 is given by f(y) in the following expression!

f(y) = 1 e~ O—?/20°

Vam
Entering values of y into this expression would trace out the familiar ‘bell-shape’
of the normal distribution described in chapter 2.
The mean of a random variable y is also known as its expected value, written
E(y). The properties of expected values are used widely in econometrics, and are
listed below, referring to a random variable y:

The expected value of a constant (or a variable that is non-stochastic) is the
constant (or non-stochastic variable), e.g. E(c) = c.

The expected value of a constant multiplied by a random variable is
equal to the constant multiplied by the expected value of the variable:

1 Note that here, we are referring to the density of a single observation for y rather than
the joint density of all of the observations.
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E(cy) = cE(y). It can also be stated that E(cy +d) = (cE(y)) + d, where d is
also a constant.
® TFor two independent random variables, y; and y,, E(y;y2) = E(y1) E(y2).

The variance of a random variable y is usually written var (y). The properties of
the ‘variance operator’, var, are listed below:

The variance of a random variable y is given by var (y) = E[y — E(y)]?

The variance of a constant is zero: var (c) = 0

For ¢ and d constants, var (¢ y + d) = ¢? var (y)

For two independent random variables, y; and y,, var (c y; + dy,) = ¢* var (y;) +
d? var (y).

The covariance between two random variables, y; and y,, measures the degree
of association between them, and is expressed cov (y;, y2). The properties of the
covariance operator are:

® cov (y1, y2) = E[(y1 — E(y1))(y2 — E(y2))]
® For two independent random variables, y; and y,, cov (y, y2) =0
® For four constants, c, d, e, and f, cov (c +dyi, e + fy2)=df cov (y1, y2).

If a random sample of size T: yi, y2, ¥3,..., y, is drawn from a population that
is normally distributed with mean p and variance o2, the sample mean, 7 is also
normally distributed with mean p, and variance o?/T. In fact, the central limit
theorem states that the sampling distribution of the mean of any random sample
of observations will tend towards the normal distribution with mean equal to the
population mean, px as the sample size tends to infinity.

Properties of logarithms

Logarithms were invented to simplify cumbersome calculations, since exponents
can then be added or subtracted, which is easier than multiplying or dividing the
original numbers. While making logarithmic transformations for computational
ease is no longer necessary, they still have important uses in algebra and in data
analysis. For the latter, there are at least three reasons why log transforms may
be useful. First, taking a logarithm can often help to rescale the data so that
their variance is more constant, which overcomes a common statistical problem.
Second, logarithmic transforms can help to make a positively skewed distribution
closer to a normal distribution. Third, taking logarithms can also be a way to
make a non-linear, multiplicative relationship between variables into a linear,
additive one. These issues are discussed in some detail in chapter 4.

Taking a logarithm is the inverse of a taking an exponential. Natural loga-
rithms, also known as logs to base e (where e is 2.71828...), are more commonly
used and more useful mathematically than logs to any other bases. A log to base
e is known as a natural or Naperian logarithm, denoted interchangeably by In(y)
or log(y).

The properties of logarithms or ‘laws of logs’ are:

® In(x y) = In(x) + In(y)
® In(x/y) = In(x) — In(y)
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® In(y°) = c In(y)
o In(1)=0
® In(1/y) =1In(1) — In(y) = —In(y).

Differential calculus

The effect of the rate of change of one variable on the rate of change of another is mea-
sured by a mathematical derivative. If the relationship between the two variables
can be represented by a curve, the gradient of the curve will be this rate of change.
Consider a variable y that is some function f of another variable x, i.e. y = f(x).
The derivative of y with respect to x is written

dy

dx
or sometimes f’(x). This term

dy

dx

measures the instantaneous rate of change of y with respect to x.
The basic rules of differentiation are as follows:

® The derivative of a constant is zero
d
eg.ify= 10,—y =0
dx

This is because y = 10 would be represented as a horizontal straight line on a
graph of y against x, and therefore the gradient of this function is zero.
® The derivative of a linear function is simply its slope

d
e.g.ify:3x+2,£:3

® The derivative of a power function n of x

. _ n . . dy _ n—1
i.e. y = cx" is given by I cnx
X

For example
d

y=ax3, 2 = 4 x 32 = 1242

dx
dy
=3x"!, ==
Y * dx
® The derivative of a sum is equal to the sum of the derivatives of the individual

parts. Similarly, the derivative of a difference is equal to the difference of the
derivatives of the individual parts

=3 x —1))(72 = —3x?

d
e.g. ify = f(x)+ gx), % = f'(x)+g'(x)
while

d
if y = £(x) — g(x). ﬁ = f(x) - gx)
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® The derivative of the log of x is given by 1/x

. d(og(x)) 1
ie. ——— = —
dx X

® The derivative of the log of a function is the derivative of the function divided

by the function
e dlog(f(x))  f'(x)

dx W)
For example, the derivative of log(x? 4 2x — 1) is given by
3x2 42
x3+2x -1

The derivative of ¢ is ¢*. The derivative of /™ is given by f'(x)e/®.

In the case where y is a function of more than one variable (e.g. y =
f(x1,x2,...,x,)), it may be of interest to determine the effect that changes
in each of the individual x variables would have on y. The differentiation of y
with respect to only one of the variables, holding the others constant, is known
as partial differentiation. The partial derivative of y with respect to a variable x;
is usually denoted

dy
0x 1
All of the rules for differentiation explained above still apply. To give an illus-

tration, suppose y = 3xj + 4x; — 2x3 + 2x3. The partial derivative of y with
respect to x; would be

dy 2
3X1 i +
while the partial derivative of y with respect to x, would be
dy 3
— = —8x; +4
axz x2 X2

The maximum or minimum of a function with respect to a given variable
can be found by taking the derivative of the function with respect to that
variable and setting it to zero. The reason that the derivative is set to zero is
that at a function maximum or minimum, the gradient of the function will
be zero. For example, in chapter 3, the OLS estimator gives formulae for the
values of the parameters that minimise the residual sums of squares, given
byL=>, 6 (n—a&— Bx,)?>. The minimum of L (the residual sum of squares) is
found by partially differentiating this function with respect to @ and g and
setting these partial derivatives to zero.?

2 In fact, we cannot be sure whether the values of @ and A found would provide a

minimum or a maximum of the residual sum of squares, as both a minimum and a
maximum would have first derivatives equal to zero. To determine this would require
the calculation of second derivatives of the functions with respect to @ and A. Second
derivatives are not covered in this book, although in the case of the OLS estimator, the
values of @ and § selected do in fact minimise the residual sums of squares.
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Matrices

A matrix is simply a collection or array of numbers. The size of a matrix is given by
its number of rows and columns. Matrices are very useful and important ways
for organising sets of data together, which make manipulating and transforming
them much easier than it would be to work with each constituent of the matrix
separately. Matrices are widely used in econometrics and in financial theory for
deriving key results and for expressing formulae in a succinct way. Some useful
features of matrices and explanations of how to work with them are described
below:

® The size of a matrix is quoted as R x C, which is the number of rows by the
number of columns.

® Each element in a matrix is referred to using subscripts. For example, suppose
a matrix M has two rows and four columns. The element in the second row
and the third column of this matrix would be denoted mj3, so that m;; refers
to the element in the ith row and the jth column.

® If a matrix has only one row, it is known as a row vector, which will be of
dimension 1 x C e.g. (2.7 3.0 —1.5 0.3)

® A matrix having only one column is known as a column vector, which will be
of dimension R x 1

1.3
e.g. | —0.1
0.0

® When the number of rows and columns is equal (i.e. R = C), it would be said
that the matrix is square

. 03 0.6
{01 07
® A matrix in which all the elements are zero is known as a zero matrix
. 0 0 O
210 0 0
® A symmetric matrix is a special type of square matrix that is symmetric about

the leading diagonal (the diagonal line running through the matrix from the
top left to the bottom right), so that m;; =m;; Vi, j

1 2 4 7
co. 2 -3 6 9
4 6 2 -8
7 9 -8 0

® A diagonal matrix is a square matrix which has non-zero terms on the leading
diagonal and zeros everywhere else

-3 0 0 O

eg 010 O
=1 00 2 0
0 0 0 —1
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A diagonal matrix with 1 in all places on the leading diagonal and zero every-
where else is known as the identity matrix, denoted by 7. By definition, an
identity matrix must be symmetric (and therefore also square)

1 0 0 O
eg0100
=10 0 1 0

0 0 0 1

The identity matrix is essentially the matrix equivalent of the number one.
Multiplying any matrix by the identity matrix of the appropriate size results
in the original matrix being left unchanged

eg. Ml =IM=M

In order to perform operations with matrices (e.g. addition, subtraction, or
multiplication), the matrices concerned must be conformable. The dimensions
of matrices required for them to be conformable depend on the operation.
Addition and subtraction of matrices requires the matrices concerned to be of
the same order (i.e. to have the same number of rows and the same number
of columns as one another). The operations are then performed element by
element.

. 0.3 0.6 02 —0.1
B lfA‘(-o.1 o.7>’ and B‘( 0 0.3)’

0.5 0.5 0.1 0.7
AvB= (—0.1 1.0)’ A-B= (—0.1 0.4)
Multiplying or dividing a matrix by a scalar (that is, a single number), implies
that every element of the matrix is multiplied by that number

03 0.6 06 1.2
cg 24 = 2(—0.1 0.7) = (—0.2 1.4)
It can also be stated that, for two matrices A and B of the same order and for
¢ a scalar

A+B=B+A
A+0=0+A=A
cA=Ac
c(A+B)=cA+cB
A0=0A=0

Multiplying two matrices together requires the number of columns of the first
matrix to be equal to the number of rows of the second matrix. Note also
that the ordering of the matrices is important, so that in general, AB # BA.
When the matrices are multiplied together, the resulting matrix will be of size
(number of rows of first matrix x number of columns of second matrix), e.g.
(B3x2)x(2x4)=@B x4). It is as if the columns of the first matrix and the
rows of the second cancel out. This rule also follows more generally, so that
(axb)yx(bxc)x(cxd)x(dxe)=(axe),etc.
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® The actual multiplication of the elements of the two matrices is done by multi-
plying along the rows of the first matrix and down the columns of the second

[ 2
02409
eg-(? 2) (6 30 2)
(Gx2) (2x4)

(Ix0)+2x6) (I1x2)+42x3) (Ix4H+2x0) (IxN+Q2x2)
=l Tx0+Bx%x6) (7Tx2)+Bx3) (ITx4H+Bx0) (Tx9+@Bx2)
Ix0)+6Gx6) (I1x2)+46x3) (UIxH+6Gx0) (1I1x9+(6x2)

(B x4
12 8 4 13
=] 18 23 28 69
36 20 4 21

B x4

® The transpose of a matrix, written A’ or AT is the matrix obtained by transpos-
ing (switching) the rows and columns of a matrix

1 2
1 7 1
eg. A=|7 3 A/=< )
(1 6) 2 3 6

If Ais R x C, A’ will be C x R.
The rank of a matrix A is given by the maximum number of linearly inde-
pendent rows (or columns) contained in the matrix. For example, rank

(G 5)-

since both rows and columns are (linearly) independent of one another, but
rank

(2 8-

as the second column is not independent of the first (the second column is
simply twice the first). A matrix with a rank equal to its dimension, as in
the first of these two cases, is known as a matrix of full rank. A matrix that is
less than of full rank is known as a short rank matrix, such a matrix is also
termed singular. Three important results concerning the rank of a matrix are:
Rank(A) = Rank (A’) Rank(A B) < min(Rank(A), Rank(B))

® Rank (A" A) = Rank (A A’) = Rank (A)

® The inverse of a matrix A, denoted A~!, where defined, is that matrix which,
when pre-multiplied or post multiplied by A will result in the identity
matrix

ie. AAT'=A""'A=1

The inverse of a matrix exists only when the matrix is square and non-singular
- that is, it is of full rank. The inverse of a 2 x 2 non-singular matrix whose
elements are

(¢ )
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will be given by

1 d —b
ad — bc ( —c a >
The calculation of the inverse of an N x N matrix for N > 2 is more complex
and beyond the scope of this text. Properties of the inverse of a matrix include:
1—1 =7 (A—l)—l — A (A/)—l — (A—l)/ (AB)—I — B—IA—I
The trace of a square matrix is the sum of the terms on its leading diagonal.
For example, the trace of the matrix

-G

written Tr(A), is 3 + 9 = 12. Some important properties of the trace of a matrix
are: Tr(cA) = ¢Tr(A) Tr(A") = Tr(A) Tr(A + B) = Tr(A) + Tr(B) Tr(Iy) = N

A6 The eigenvalues of a matrix

Let IT denote a p x p square matrix and let ¢ denote a p x 1 non-zero vector, and
let A denote a set of scalars. A is called a characteristic root or set of roots of the
matrix IT if it is possible to write

Ile = ic
pxppx1l pxl

This equation can also be written as

Ile = Al e

where /, is an identity matrix, and hence

(T = Al)c =0

Since ¢ # 0 by definition, then for this system to have a non-zero solution, the
matrix (IT — A/,) is required to be singular (i.e. to have zero determinant)

Il — AL, =0

For example, let IT be the 2 x 2 matrix

o-[; ]

Then the characteristic equation is

5 1 1 0
w2 ] 9]

_‘5—,\ 1

— (5 _ ) 32
5 4—1“(5 MNE—2)—2=22-91+18

This gives the solutions A = 6 and A = 3. The characteristic roots are also known
as eigenvalues. The eigenvectors would be the values of ¢ corresponding to the
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eigenvalues. Some properties of the eigenvalues of any square matrix A are:

® the sum of the eigenvalues is the trace of the matrix
® the product of the eigenvalues is the determinant
® the number of non-zero eigenvalues is the rank.

For a further illustration of the last of these properties, consider the matrix

05 0.25
r[=[0.7 0.35]

Its characteristic equation is
0.5 0.25 —kl ol _
0.7 0.35 0 1]
which implies that

‘0.5 —A 0.25

07  035-2 =0

This determinant can also be written (0.5 — 1)(0.35 — 1) — (0.7 x 0.25) = 0
or

0.175 — 0.85L + A2 = 0.175=0
or
A2 —0851=0

which can be factorised to A (A — 0.85) = 0.

The characteristic roots are therefore 0 and 0.85. Since one of these eigenvalues
is zero, it is obvious that the matrix IT cannot be of full rank. In fact, this is also
obvious from just looking at I, since the second column is exactly half the first.



Appendix 2
Tables of statistical distributions

Table A2.1 Normal critical values for different values of «

a 04 025 0.2 0.15 0.1 0.05 0.025 0.01 0.005 0.001
Z, .2533 .6745 .8416 1.0364 1.2816 1.6449 1.9600 2.3263 2.5758 3.0902

Source: Biometrika Tables for Statisticians (1966), volume 1, 3rd edn. Reprinted with
permission of Oxford University Press.
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Table A2.2 Critical values of Student’s t-distribution for different probability levels, o
and degrees of freedom, v
o 0.4 0.25 0.15 0.1 0.05 0.025 0.01 0.005 0.001 0.0005
v
1 03249 1.0000 19626 3.0777 6.3138 12.7062 31.8205 63.6567 318.3087 636.6189
2 0.2887 0.8165 1.3862 1.8856 29200 4.3027 6.9646 99248 223271  31.5991
3 0.2767 0.7649 1.2498 1.6377 2.3534  3.1824  4.5407 5.8409  10.2145 12.9240
4 0.2707 0.7407 1.1896 1.5332 2.1318 2.7764  3.7469  4.6041 7.1732 8.6103
5 02672 0.7267 11558 14759 2.0150 2.5706 3.3649  4.0321 5.8934 6.8688
6 02648 0.7176 11342 1.4398 1.9432 24469  3.1427 3.7074 5.2076 5.9588
7 0.2632 0.7111 1.1192 14149 1.8946 2.3646  2.9980  3.4995 4.7853 5.4079
8 02619 0.7064 1.1081 1.3968 1.8595 2.3060  2.8965  3.3554 4.5008 5.0413
9 0.2610 0.7027 1.0997 1.3830 1.8331 2.2622  2.8214  3.2498 4.2968 4.7809
10 0.2602 0.6998 1.0931 1.3722 1.8125 2.2281  2.7638  3.1693 4.1437 4.5869
11  0.2596 0.6974 1.0877 13634 1.7959 2.2010  2.7181 3.1058 4.0247 4.4370
12 02590 0.6955 1.0832 1.3562 1.7823  2.1788  2.6810  3.0545 3.9296 43178
13 0.2586 0.6938 1.0795 13502 1.7709 2.1604  2.6503  3.0123 3.8520 4.2208
14 02582 0.6924 1.0763 1.3450 1.7613 2.1448  2.6245  2.9768 3.7874 4.1405
15 0.2579 0.6912 1.0735 13406 1.7531 2.1314 2.6025  2.9467 3.7328 4.0728
16 0.2576 0.6901 1.0711 1.3368 1.7459 21199  2.5835  2.9208 3.6862 4.0150
17 0.2573 0.6892 1.0690 1.3334 1.7396  2.1098  2.5669  2.8982 3.6458 3.9651
18 0.2571 0.6884 1.0672 1.3304 1.7341 2.1009 25524  2.8784 3.6105 3.9216
19 0.2569 0.6876 1.0655 1.3277 1.7291 2.0930  2.5395  2.8609 3.5794 3.8834
20 0.2567 0.6870 1.0640 1.3253 1.7247  2.0860  2.5280  2.8453 3.5518 3.8495
21 0.2566 0.6864 1.0627 13232 1.7207 2.0796  2.5176 2.8314 3.5272 3.8193
22 02564 0.6858 1.0614 13212 1.7171 2.0739 25083  2.8188 3.5050 3.7921
23 0.2563 0.6853 1.0603 13195 1.7139  2.0687  2.4999  2.8073 3.4850 3.7676
24 02562 0.6848 1.0593 1.3178 1.7109 2.0639 24922  2.7969 3.4668 3.7454
25 0.2561 0.6844 1.0584 1.3163 1.7081 2.0595 24851  2.7874 3.4502 3.7251
26 02560 0.6840 1.0575 1.3150 1.7056  2.0555 24786  2.7787 3.4350 3.7066
27 0.2559 0.6837 1.0567 13137 1.7033  2.0518 24727  2.7707 3.4210 3.6896
28 0.2558 0.6834 1.0560 1.3125 1.7011 2.0484 24671  2.7633 3.4082 3.6739
29 0.2557 0.6830 1.0553 13114 1.6991 2.0452 24620  2.7564 3.3962 3.6594
30 0.2556 0.6828 1.0547 1.3104 1.6973  2.0423 24573  2.7500 3.3852 3.6460
35 0.2553 0.6816 1.0520 13062 1.6896  2.0301 24377  2.7238 3.3400 3.5911
40 0.2550 0.6807 1.0500 1.3031 1.6839  2.0211 24233  2.7045 3.3069 3.5510
45 02549 0.6800 1.0485 13006 1.6794  2.0141 2.4121 2.6896 3.2815 3.5203
50 0.2547 0.6794 1.0473 1.2987 1.6759  2.0086 2.4033  2.6778 3.2614 3.4960
60 0.2545 0.6786 1.0455 1.2958 1.6706  2.0003  2.3901  2.6603 3.2317 3.4602
70 0.2543 0.6780 1.0442 1.2938 1.6669  1.9944  2.3808  2.6479 3.2108 3.4350
80 0.2542 0.6776 1.0432 1.2922 1.6641 1.9901 2.3739  2.6387 3.1953 3.4163
90 0.2541 0.6772 1.0424 12910 1.6620 1.9867 2.3685  2.6316 3.1833 3.4019
100 0.2540 0.6770 1.0418 1.2901 1.6602 19840 2.3642  2.6259 3.1737 3.3905
120 0.2539 0.6765 1.0409 1.2886 1.6577 19799 23578  2.6174 3.1595 3.3735
150 0.2538 0.6761 1.0400 1.2872 1.6551 19759 23515  2.6090 3.1455 3.3566
200 0.2537 0.6757 1.0391 1.2858 1.6525  1.9719 2.3451  2.6006 3.1315 3.3398
300 0.2536 0.6753 1.0382 1.2844 1.6499 19679  2.3388  2.5923 3.1176 3.3233
oo 0.2533 0.6745 1.0364 1.2816 1.6449 19600 23263  2.5758 3.0902 3.2905

Source: Biometrika Tables for Statisticians (1966), volume 1, 3rd edn. Reprinted with
permission of Oxford University Press.
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Appendixes

Table A2.6 Lower and upper 1% critical values for Durbin—-Watson statistic

K=1 K'=2 kK'=3 K'=4 K'=5
T dr, dy dr, dy dr, dy dr, dy dr, dy

15 081 107 070 125 059 146 049 170 039 1.96
6 084 109 074 125 063 144 053 166 044 190
17 087 110 077 125 067 143 057 163 048 185
18 0950 112 080 126 0.71 142 061 160 052 180
19 093 113 083 126 074 141 065 158 056 177
20 05 115 086 127 0.77 141 068 157 060 174

21 097 116 089 127 080 141 072 155 063 171
22 100 117 091 128 083 140 075 154 0.66 1.69
23 102 119 094 129 086 140 0.77 153 070 167
24 104 120 09 130 088 141 080 153 0.72 1.66
25 105 121 098 130 090 141 083 152 0.75 1.65

26 107 122 100 131 093 141 085 152 0.78 164
27 109 123 102 132 095 141 088 151 081 1.63
28 110 124 104 132 097 141 090 151 083 162
29 112 125 105 133 099 142 092 151 085 161
30 113 126 107 134 1.01 142 094 151 088 161

31 115 127 108 134 102 142 096 151 090 1.60
32 116 128 110 135 104 143 098 151 092 1.60
33 117 129 111 136 105 143 100 151 094 159
34 118 130 113 136 107 143 1.01 151 095 1.59
35 119 131 114 137 108 144 103 151 097 159

36 121 132 115 138 110 144 1.04 151 099 1.59
37 122 132 116 138 111 145 106 151 1.00 1.59
38 123 133 118 139 112 145 1.07 152 1.02 1.58
39 124 134 119 139 114 145 109 152 103 1.58
40 125 134 120 140 115 146 110 152 1.05 1.58

45 129 138 124 142 120 148 116 153 111 1.58
50 132 140 128 145 124 149 120 154 116 159
55 136 143 132 147 128 151 125 155 1.21 1.59
60 138 145 135 148 132 152 128 156 125 1.60
65 141 147 138 150 135 153 131 1.57 128 1.61
70 143 149 140 152 137 155 134 158 131 161
75 145 150 142 153 139 156 137 159 134 1.62
80 147 152 144 154 142 157 139 160 136 1.62
85 148 153 146 155 143 158 141 160 139 1.63
90 150 154 147 156 145 159 143 161 141 1.64
95 151 1.55 149 157 147 160 145 162 142 1.64
100 152 156 150 158 148 160 146 163 144 1.65

Note: T, number of observations; k', number of explanatory variables (excluding a
constant term).

Source: Durbin, J. and Watson, G.S. (1951) Testing for serial correlation in least
squares regression II Biometrika, 38(1-2), 159-177. Reprinted with the permission of
Oxford University Press.
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Table A2.7 Dickey—Fuller critical values for different significance levels, «

Sample size T 0.01 0.025 0.05 0.10
T
25 —2.66 —2.26 —1.95 —1.60
50 —2.62 —2.25 —1.95 —1.61
100 —2.60 —2.24 —1.95 —1.61
250 —2.58 —2.23 —1.95 —1.62
500 —2.58 —2.23 —1.95 —1.62
o0 —2.58 —2.23 —1.95 —1.62
Tu
25 —-3.75 —3.33 —3.00 —2.63
50 —3.58 —3.22 —2.93 —2.60
100 —3.51 —3.17 —2.89 —2.58
250 —3.46 —3.14 —2.88 —2.57
500 —3.44 —3.13 —2.87 —2.57
00 —3.43 —3.12 —2.86 —2.57
153
25 —4.38 —3.95 —3.60 —3.24
50 —4.15 —3.80 —3.50 —3.18
100 —4.04 —3.73 —3.45 —3.15
250 —3.99 —3.69 —3.43 —3.13
500 —3.98 —3.68 —3.42 —3.13
o0 —3.96 —3.66 —3.41 —3.12

Source: Fuller (1976). Reprinted with the permission of John Wiley & Sons.
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Table A2.8 Critical values for the Engle—Granger cointegration test on regression
residuals with no constant in test regression

Number of variables Sample
in system size T 0.01 0.05 0.10
50 —4.32 —-3.67 —3.28
2 100 —4.07 —-3.37 —-3.03
200 —4.00 -3.37 —-3.02
50 —4.84 —4.11 —-3.73
3 100 —4.45 —-3.93 —-3.59
200 —4.35 -3.78 —-3.47
50 —4.94 —4.35 —4.02
4 100 —4.75 —4.22 -3.89
200 —4.70 —4.18 —3.89
50 —5.41 —4.76 —4.42
5 100 —5.18 —4.58 —4.26
200 —5.02 —4.48 —4.18

Source: Engle and Yoo (1987). Reprinted with the permission of Elsevier Science.
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Table A2.9 Quantiles of the asymptotic distribution of the Johansen cointegration rank
test statistics (constant in cointegrating vectors only)

max
1
2
3
4
5
6
7
8
9

10
11

)\Tmce

O oI Ul WN =

_
= O

3.40

8.27
13.47
18.70
23.78
29.08
34.73
39.70
44.97
50.21
55.70

3.40
11.25
23.28
38.84
58.46
81.90

109.17
139.83
174.88
212.93
254.84

591
11.54
17.40
22.95
28.76
34.25
40.13
45.53
50.73
56.52
62.38

5.91
15.25
28.75
45.65
66.91
91.57

120.35
152.56
198.08
228.08
272.82

7.52
13.75
19.77
25.56
31.66
37.45
43.25
48.91
54.35
60.25
66.02

7.52
17.85
32.00
49.65
71.86
97.18

126.58
159.48
196.37
236.54
282.45

9.24
15.67
22.00
28.14
34.40
40.30
46.45
52.00
57.42
63.57
69.74

9.24
19.96
34.91
53.12
76.07

102.14
131.70
165.58
202.92
244.15
291.40

10.80
17.63
24.07
30.32
36.90
43.22
48.99
54.71
60.50
66.24
72.64

10.80
22.05
37.61
56.06
80.06
106.74
136.49
171.28
208.81
251.30
298.31

12.97
20.20
26.81
33.24
39.79
46.82
51.91
57.95
63.71
69.94
76.63

12.97
24.60
41.07
60.16
84.45
111.01
143.09
177.20
215.74
257.68
307.64

4.03
8.86
14.02
19.23
24.48
29.72
35.18
40.35
45.55
50.82
56.33

4.03
11.91
23.84
39.50
59.16

82.49

109.75
140.57
175.44
213.53
256.15

p—r 50% 80% 90% 95% 97.5% 99% Mean Var
Amax

7.07
13.08
19.24
23.83
29.26
34.63
38.35
41.98
44.13
49.28
54.99

7.07
18.94
37.98
59.42
91.65

126.94
167.91
208.09
257.84
317.24
413.35

Source: Osterwald-Lenum (1992, table 1*). Reprinted with the permission of Blackwell
Publishers.
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Table A2.10 Quantiles of the asymptotic distribution of the Johansen cointegration rank
test statistics (constant, i.e. a drift only in VAR and in cointegrating vector)

p—r 50% 80% 90% 95% 97.5% 99% Mean Var
)‘-max
1 0.44 1.66 2.69 3.76 495 6.65 0.99 2.04
2 6.85 10.04 12.07 14.07 16.05 18.63 7.47 12.42
3 1234 16.20 18.60 2097 23.09 2552 12.88 18.67
4 17.66 2198 2473 27.07 2898 32.24 18.26 23.47
5 23.05 2785 3090 3346 35.71 38.77 23.67  28.82
6 2845 33.67 36.76 3937 41.86 4510 29.06  33.57
7 33.83 39.12 4232 45.28 4796 51.57 34.37 3741
8 39.29 45.05 4833 5142 54.29 5769 39.85 4290
9 44.58 50.55 53.98 57.12 59.33 62.80 45.10 44.93
10 4966 5597 59.62 6281 6544 69.09 50.29 4941
11 5499 61,55 6538 68.83 7211 7595 55.63 54.92
ATmce
1 0.44 1.66 2.69 3.76 4.95 6.65 0.99 2.04
2 755 11.07 13.33 1541 17.52 20.04 8.23 14.38
3 18.70 23.64 26.79 29.68 32.56 3565 19.32 32.43
4 33.60 40.15 4395 4721 50.35 5446  34.24  52.75
5 5230 60.29 64.84 68.52 71.80 76.07 5295 79.25
6 75.26  84.57 8948 9415 98.33 103.18 75.74 114.65
7 101.22 112.30 118.50 124.24 12845 133.57 10191 158.78
8 131.62 14397 150.53 156.00 161.32 168.36 132.09 201.82
9 165.11 17890 186.39 192.89 198.82 20495 16590 24645
10 202.58 217.81 225.85 233.13 23946 24718 203.39 300.80
11 24390 260.82 269.96 277.71 284.87 29344 24466 379.56

Source: Osterwald-Lenum (1992, table 1). Reprinted with the permission of Blackwell

Publishers.
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Table A2.11 Quantiles of the asymptotic distribution of the Johansen cointegration rank
test statistics (constant in cointegrating vector and VAR, trend in
cointegrating vector)

p—r 50% 80% 90% 95% 97.5% 99% Mean Var
)"max
1 5.55 8.65 10.49 12.25 14.21 16.26 6.22 10.11
2 10.90 14.70 16.85 18.96 21.14 23.65 11.51 16.38
3 16.24 20.45 23.11 25.54 27.68 30.34 16.82 22.01
4 21.50 26.30 29.12 31.46 33.60 36.65 22.08 27.74
5 26.72 31.72 34.75 37.52 40.01 42.36 27.32 31.36
6 32.01 37.50 40.91 43.97 46.84 49.51 32.68 3791
7 37.57 43.11 46.32 49.42 51.94 54.71 38.06 39.74
8 42.72 48.56 52.16 55.50 58.08 62.46 43.34 44.83
9 48.17 54.34 57.87 61.29 64.12 67.88 48.74 49.20
10 53.21 59.49 63.18 66.23 69.56 73.73 53.74 52.64
11 58.54 64.97 69.26 72.72 75.72 79.23 59.15 56.97
)‘Tmce
1 5.55 8.65 10.49 12.25 14.21 16.26 6.22 10.11
2 15.59 20.19 22.76 25.32 27.75 30.45 16.20 24.90
3 29.53 35.56 39.06 42.44 45.42 48.45 30.15 45.68
4 47.17 54.80 59.14 62.99 66.25 70.05 47.79 74.48
5 68.64 77.83 83.20 87.31 91.06 96.58 69.35 106.56
6 94.05 104.73 110.42 11490 119.29 124.75 94.67 143.33
7 122.87 134.57 141.01 146.76 152.52 158.49 123.51 182.85
8 15540 169.10 176.67 182.82 18791 196.08 156.41 234.11
9 192.37 20725 215.17 222.21 228.05 234.41 193.03 288.30
10 231.59 24791 256.72 263.42 27033 279.07 232.25 345.23
11 276.34 294.12 303.13 310.81 318.02 32745 276.88 416.98

Source: Osterwald-Lenum (1992, table 2*). Reprinted with the permission of Blackwell

Publishers.



Appendix 3

Sources of data used in this book

I am grateful to the following organisations, who all kindly agreed to allow their
data to be used as examples in this book and for it to be copied onto the book’s
web site: Bureau of Labor Statistics, Federal Reserve Board, Federal Reserve Bank
of St. Louis, Nationwide, Oanda, and Yahoo! Finance. The following table gives
details of the data used and of the provider’s web site.

Provider

Data

Web

Bureau of Labor
Statistics

Federal Reserve
Board

Federal Reserve
Bank of St. Louis

Nationwide

Oanda

Yahoo! Finance

CPI

US T-bill yields,
money supply,
industrial
production,
consumer credit

average AAA &
BAA corporate
bond yields

UK average house
prices
euro-dollar,
pound-dollar &
yen-dollar
exchange rates
S&P500 and
various US stock
and futures
prices

http://[www.bls.gov

http:/[www.federalreserve.gov

http:/[research.stlouisfed.org/fred2

http://[www.nationwide.co.uk

http:/[www.oanda.com/convert/fxhistory

http://[finance.yahoo.com
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